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Abstract
In this paper, we study some dynamical properties of neutral and charged particles around a
weakly magnetized five dimensional black string. In addition, we calculate the Innermost Stable
Circular Orbit (ISCO) of this metric in the presence of a magnetic field by perturbation. We
also derive the escape velocity of neutral and charged particles around the black string. It has
been shown that adding an extra dimension had slight influences on the effective potential and
one component of effective force. The magnitude of the new constant of motion (J) affects on the
shape of the potential and thereby the chance of existence of the stable circular orbits. We also
found some values of J that vanishes the escape velocity for neutral particles in a specific distance
from the center of the black string. In general, by comparing a black hole and a black string, we
realized that the magnitude of a new constant of motion causes slight but interesting differences.
∗Electronic address: rsk@guilan.ac.ir
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1. INTRODUCTION
During last decades, higher dimensional space-times have got special attentions in the-
oretical physics [1]-[5]. In fact, some great attempts to unify fundamental forces, such as
Kaluza and Klein theory, and some other interesting theories of physics such as string theory
or Brane cosmology, are necessarily formulated in such higher dimensional space-times [6],
[7]. To investigate the existence of such additional dimensions, studying the higher dimen-
sional singularities, such as higher dimensional black holes, is considerable [6]. The simplest
higher dimensional singularity, firstly, was investigated by Gregory and Laflamme [8], which
was obtained by adding one extra dimension to Schwarzschild black hole and called Black
String [6]. More precisely, adding a compact flat extra direction to Schwarzschild black hole
changes the horizon topology to S2 × S1, where the S1 shows the new compact dimension,
and builds the black string [9]. In fact, there are different methods to find exact solution of
Einstein gravity in five dimensional space-time, but in higher dimensions, the most useful
methods are the numerical or perturbational ones [9]. To analyze the results of each method,
one needs to study the impact of fields on these space-times.
The best experimental way to study the impact of gravitational fields on space-times
around the singularities, is investigating the motion of massive and massless particles around
them [10]. In four-dimension metrics, there are lots of studies that widely analyze parti-
cle motions. For example, the motion of charged and neutral particles and their bounded
trajectories near the weakly magnetized Schwarzschild black hole which was investigated
completely [11]. Also, dynamics of a charged particles in the magnetized Janis-Newman-
Winicour space-time has been investigated in [12]. In addition, particle’s motion around a
(2+1)-dimensional BTZ (Banados, Teitelboim, Zanelli) black hole [13] and geodesic equa-
tions in dilaton black holes [14] have been studied. Other extended forms of Schwarzschild
black hole, such as Reissner-Nordstrom black hole have also been studied in magnetized and
non-magnetized space-time [15]. Similar motivation caused many studies in higher dimen-
sional space-times. For instance, motion of charged particles in five dimensional rotating
black hole and the impact of magnetic field in this space-time have been explored [5], and
the solutions of the geodesic equations of a Schwarzschild black hole pierced by a cosmic
string, have been studied in details, for both massive and massless particles [10].
Beside the gravitational field, one other parameter that can leave an impact on particle
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motions around the singularities, is magnetic properties of that singularity. Meanwhile,
both theoretical and experimental studies show the existence of magnetic fields around the
black holes, due to the presence of accretion disk’s plasma [11]. Despite the fact that in
most case the magnetic field around the event horizon of black hole is not strong enough to
disturb the geometry of the black hole, it would effect the motion of charged particles around
it1. Therefore, magnetic features of black holes are taken into consideration [19],[11],[15].
Also, it has been shown that the magnetic field have important effect on the existence of
stable circular orbits in five dimensional metrics. For example, despite there exists stable
circular orbits around the four dimensional rotating black holes, there is not such orbits in
five dimensional one in the absence of magnetic field [5]. But, in presence of magnetic field
there could be such orbits for both rotating and non-rotating black holes in five dimensions.
All of these points motivated us to study the particle dynamics around black strings. In
this article, we first find the effective potential of black string and the equations of motion
for time-like particles in the absence of magnetic field. Then by adding magnetic field in one
direction to the black string, we find new dynamical equations for charged particles around
it. Also, we calculated the ISCO in the dimensionless form of black string equations. Then,
we studied that how the shape of effective potential and the presence or absence of ISCO
in this metric could be influenced by fixing the constants of motion. Finally, we calculated
the escape velocity of the neutral and charged particles in certain conditions and analyzed
the effects of different constants of motions in relation between the escape velocity and the
distance of particle from the black string.
2. PARTICLES AROUND BLACK STRING
In this section, we will be studying the motion of a charged particle in the background
of a black string space-time. This can be obtained by adding an extra compact spatial
dimension ω to the Schwarzschild space-time.
1 These kinds of black holes are known as ”weakly magnetized” [11], [15], [16], [17], [18]
B ∼ 104 − 108 ≪ 1014 Gauss.
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2.1. Metric In the Absence of Magnetic Field
Before finding the equations of motion of test particles moving in the vicinity of a weakly
magnetized black string, we shall present results for simpler case of a magnetic field free
condition. According to Gregory and Laflamme model, our five dimensional metric is:
ds2 = −F (r)dt2 + dr
2
F (r)
+ r2(dθ2 + sin2θdϕ2) + dω2, (1)
where
F (r) = 1− 2M
r
, (2)
where M is the mass of the black string and r = 2M is the radius of the event horizon.
Because of the symmetries of this metric, Killing vectors obtain as [11], [15],[20]:
ξ
µ
(τ)∂µ = ∂τ , ξ
µ
(τ) = (1, 0, 0, 0, 0),
ξ
µ
(ϕ)∂µ = ∂ϕ, ξ
µ
(ϕ) = (0, 0, 0, 1, 0),
ξ
µ
(ω)∂µ = ∂ω, ξ
µ
(ω) = (0, 0, 0, 0, 1). (3)
Therefore, there are three conserved quantities associated with the Killing vectors, the total
energy ε of the moving particle and the component of the angular momentum of the particle
that is aligned with the axis of the string (z axis) Lz and the fifth angular momentum J .
ε ≡ −
Pµξ
µ
(τ)
m
= t˙ F (r),
Lz ≡ −
Pµξ
µ
(ϕ)
m
= ϕ˙ r2 sin2 θ,
J ≡ −
Pµξ
µ
(ω)
m
= ω˙, (4)
where P µ = muµ is five-momentum in which uµ is five-velocity, m is the mass of the particle,
the over dot denotes the derivative with respect to the proper time, and J is a new constant
of motion according to the compact dimension ω. To avoid complication in the analysis, we
assume θ = pi
2
.
Using the invariance condition gµν x˙
µx˙ν ≡ ǫ, the constraint equation and the effective
potential obtain as:
r˙2 = ε2 − r2F θ˙2 − Ueff , (5)
Ueff = F (r)(ǫ+ J
2 +
Lz
2
r2sin2 θ
), (6)
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where we have ǫ = +1 for time-like particles and ǫ = 0 for photon or null geodesics. So, the
equations of motion of time-like particles are:
r¨ = (r − 3M)θ˙2 + (r − 3M) Lz
2
r4sin2 θ
− M
r2
(1 + J2), (7)
θ¨ = −2
r
r˙θ˙ +
Lz
2 cos θ
r4sin3 θ
. (8)
2.2. Presence of Magnetic Field
We study the effect of an external magnetic field on motion of test particles with electric
charge q around a five dimensional singularity. Considering some works [11], [15],[20] we
premised that the magnetic field in the vicinity of black string is static, axisymmetric and
homogeneous at the spatial infinity. In the presence of magnetic field the Lagrangian of the
moving particle is:
L =
1
2
gµν x˙
µx˙ν +
q
m
Aµx˙
µ, (9)
where m and q are mass and charge of particle respectively. The 5-potential Aµ for this
metric is constructed from the Killing vectors of the black string space-time. The Killing
vectors obey ξµ = 0, resembles the Maxwell equation for 4-potential in the Lorentz gauge
Aµ;µ = 0 [11], [15], [19], [21]:
Aµ =
B
2
ξ
µ
(ϕ) −
q
2m
ξ
µ
(τ). (10)
The magnetic field is directed along the vertical z axis and B is the magnetic field strength
that is given by:
B
µ = −1
2
eµνλσ Fλσ uν, (11)
where eµνλσ =
ǫµνλσ√−g , ǫ
µνλσ = 1, g = det(gµν). The Maxwell tensor Fµν is defined as:
Fµν = Aν,µ −Aµ,ν = Aν;µ − Aµ;ν . (12)
The conserved quantities associated with these symmetries are obtained as [11], [15]:
ε ≡ −
Pµξ
µ
(τ)
m
= t˙ F (r),
Lz ≡ −
Pµξ
µ
(ϕ)
m
= (ϕ˙+B) r2 sin2 θ,
J ≡ −
Pµξ
µ
(ω)
m
= ω˙, (13)
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which P µ = muµ + qAµ and q is charge of the particle and:
B =
qB
2m
. (14)
By using the normalization condition, we obtain effective potential for charged time-like
particle in the presence of a magnetic field as:
Ueff = F (r)[1 + J
2 + r2 sin2 θ(
Lz
r2 sin2 θ
−B)2]. (15)
As we know, the equation of motion of the charged particle in an electromagnetic field Fµν
is [11], [15]:
x¨µ + Γµνσx˙
ν x˙σ =
q
m
F µα x˙
α. (16)
Therefore, the dynamical equations in black string metric are:
r¨ = (r − 3M)θ˙2 + (r − 3M) L
2
z
r4 sin2 θ
+
2M
r2
BLz − (r −M) sin2 θB2 − M
r2
(1 + J2), (17)
θ¨ = −2
r
r˙θ˙ +
L2z cos θ
r4 sin3 θ
− B2 sin θ cos θ. (18)
3. DIMENSIONLESS DYNAMICAL EQUATIONS
For more simplification, one can rewrite the dynamical equations in dimensionless form,
by using these definitions [11], [15], [20]:
σ =
τ
2M
, ρ =
r
2M
, l =
Lz
2M
, Ω =
ω
2M
, b = 2BM, m´ =
m
2M
. (19)
So the Eq. (17) and Eq. (18) are expressed as follows:
d2θ
dσ2
= −2
ρ
dρ
dσ
dθ
dσ
+
l2 cos θ
ρ4 sin3 θ
− b2 sin θ cos θ, (20)
d2ρ
dσ2
=
1
2
(2ρ− 3)(dθ
dσ
)2 +
2bl − 1
2ρ2
+
l2(2ρ− 3)
2ρ4 sin2 θ
− b
2
2
(2ρ− 1) sin2 θ − J
2
2ρ2
, (21)
and the Eq. (5) changes to:
ε2 = (
dρ
dσ
)
2
+ ρ2(1− 1
ρ
)(
dθ
dσ
)
2
+ Ueff , (22)
in which:
Ueff = (1− 1
ρ
)[1 + J2 +
(l − bρ2 sin2 θ)2
ρ2 sin2 θ
]. (23)
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3.1. The Innermost Stable Circular Orbit
Now, we want to find ISCO for a black string. According to Eq. (23) and as it will
be shown in the next section, that the potential was related to l, the angular momentum
has the role of defining parameter of the shape of potential [22]. So, we not only need to
find ρISCO, but also lISCO. Beside, l plays an important role in the shape of potential in
Schwarzschild black hole [22] and [11]. The amount of l determines whether the effective
potential has both a minimum and a maximum, only one extremum, or no extremums at
all. In fact, we consider the series of mentioned conditions of circular motion [22], to find
ISCO parameters:
(i) Firstly, in circular motion the radial velocity must be zero so:
dr
dτ
= 0.
(ii) Secondly, the acceleration of the radial coordinate should be zero:
d2r
dτ 2
= 0.
(iii) Thirdly, second derivation of effective potential must be zero in inflection point.
All of these conditions must be satisfied, simultaneously. Our equations of energy and
effective potential in presence of magnetic field are Eq. (22) and Eq. (23). The first condition
(in the θ =
π
2
plane) leads to ε2 = Ueff and the second one leads to:
U,ρ = l
2(3− 2ρ)− 2blρ2 + ρ2[1 + J2 + b2ρ2(2ρ− 1)] = 0, (24)
and the third one is:
U,ρρ = 2
[
ρ2(b2ρ3 − J2 − 1) + 2blρ2 + 3l2(ρ− 2)] = 0. (25)
In general, finding the exact inflection point of Eq. (24) is hard and it should be solved
numerically [22]. Therefore, we choose the perturbation method that has been suggested in
[22]. So, we presume that although the magnetic field near the black string can disturb it,
but its magnitude is also small enough (b≪M) to use perturbation method. Then, we first
find ρ0, l0 and E0 as the ISCO parameters in the absence of magnetic field:
ρ0 = 3, (26)
l0 = ±
√
3(1 + J2), (27)
E0 =
2
√
2
3
√
1 + J2. (28)
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This shows that, among these three parameters, only l0 and E0 are related to the fifth
dimension. By choosing:
ρ = ρ0 + bρ1, (29)
l = l0 + bl1, (30)
E = E0 + bE1, (31)
and substituting them in U,ρ = 0, U,ρρ = 0 and neglecting the second order of the perturba-
tion,we obtain:
ρ1 = 0, l1 = −3, E1 = ∓
√
3
3
, (32)
so:
ρ = ρ0 = 3, (33)
l = ±
√
3(1 + J2)− 3b, (34)
E =
2
√
2
3
√
1 + J2 ∓
√
3
3
b. (35)
Obviously, these equations show that the radius of ISCO in Schwarzschild black hole is
similar to that of the black string, and the fifth dimension has its effect on l and E. Here we
have three parameters l, J , E which are constants of motion. We suppose J as our freedom
and try to tune it in a way that helps us find the other two. Now, in general condition and
similar to [11], by adding Eq. (24) and Eq. (25) we can eliminate J and find l in terms of b:
l± = ±bρ2
[
1− 3ρ
ρ− 3
]1
2
, (36)
which, l < 0 shows the Lorentz force is attractive and l > 0 represents the Lorentz force
is repulsive [11], [12], [20]. By considering ρ = ρISCO we find l in ISCO for determined
magnetic field. Now by substituting Eq. (36) into Eq. (25) we can find parameter b in terms
of ρ and J :
b =
√
2(3− ρ)(1 + J2)
2ρ
[
4ρ2 − 9ρ+ 3±
√
(3− ρ)(3ρ− 1)
]1
2
. (37)
It shows that the new constant of motion related to the fifth dimension is not separable from
both b and l. Comparing Eq.(36) and Eq.(34) one can see that adding a fifth dimension
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shows its effects on l directly Eq.(34) or via b in Eq.(36). Now by putting Eq.(37) in Eq.(36),
l in terms of ρ will be obtained:
l = ± ρ
√
(3ρ− 1)(1 + J2)
√
2
[
4ρ2 − 9ρ+ 3±
√
(3− ρ)(3ρ− 1)
]1
2
. (38)
Eq.(37) and Eq.(38) show the combinations among parameters b, l and J . Also, these
results in the case of J = 0, are fit into four dimensional black hole results which were
already obtained in [11], [20].
Since we have only two constraint equations (U,ρρ = 0, U,ρ = 0), we cannot express their
relations to ρ separately. So, we have to fix one of them. According to our decision for
choosing a small magnetic field, we chose b = 0.5 (fixed). Other suitable parameter to fix is
the new dimension’s constant J which by considering [6], it could be fixed at J = 1.
(a) (b)
FIG. 1: Effective Potential versus ρ and θ in J = 2 and l = 4 for (a) b = 0, (b) b = 0.5.
4. EFFECTIVE POTENTIAL
To study the effective potential of the black string and its properties, we consider that the
strength of the magnetic field and the mass of black string are fixed. So, based on Eq.(23),
the dimensionless effective potential depends on l, ρ, θ and J . The effective potential versus
ρ and θ has been shown in Fig.1. Fig.2 displays the relation between effective potential
versus θ for different ρ, in presence and absence of magnetic field. It also shows that even
9
(a) (b)
FIG. 2: Effective Potential versus θ in J = 2 and l = 4 for different ρ, (a) b = 0, ρ = 3 (blue),
ρ = 4 (orange), ρ = 5 (green), ρ = 10 (red), (b) b = 0.5, ρ = 3 (blue), ρ = 4 (orange), ρ = 5
(green), ρ = 10 (red).
the small magnitudes of magnetic field, make a barrier in θ =
π
2
, especially for larger ρ. The
impact of J on the effective potential in different θ, has been shown in Fig.3.
(a)
FIG. 3: Effective Potential versus θ in ρ = 3, b = 0.5 and l = 4 for J = 0 (blue), J = 2 (orange),
J = 4 (green).
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(a) (b)
(c) (d)
(e) (f)
FIG. 4: Effective Potential versus ρ in θ =
pi
2
, (a) b = 0, l = 6.22 for J = 0 (blue), J = 1 (orange),
J = 3 (green), J = 5 (red), (b) b = 0, J = 1 for l = 4.18 (blue), l = 5.07 (orange), l = 6.22
(green),(c) J = 0, b = 0.5 for l = 4.18 (blue), l = 5.07 (orange), l = 6.22 (green),(d) J = 3, b = 0.5
for l = 4.18 (blue), l = 5.07 (orange), l = 6.22 (green), (e) J = 5, b = 0.5 for l = 4.18 (blue),
l = 5.07 (orange), l = 6.22 (green), (f) J = 1, l = 6.22 for b = 0 (blue), b = 0.5 (orange), b = 1.5
(green).
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Fig.4, demonstrates the profile of effective potential versus ρ in θ =
π
2
plane for different
J , b, and l. As it shows, the presence of a magnetic field has a noticeable effect on the shape
of potential. Also, the magnitude of J has important effect, as well. Fig.4(a) shows that,
for a fixed l = 6.22, in the absence of magnetic field, there is not any stable circular orbits,
which is similar to a five dimensional black hole in the absence of magnetic field that was
mentioned before [5], and by increasing J one can see how the shape of potential changes
to a slight line out of the event horizon. Fig.4(b) illustrates the effects of the changes of l
on the shape of the potential, in the absence of magnetic field and for fixed J = 1.
(a) (b)
(c) (d)
FIG. 5: Effective Force Fρ versus ρ in l = 4, (a) for b = 0, θ =
pi
2
and for different J , J = 0 (blue),
J = 2 (orange), J = 5 (green), (b) for b = 0.5, θ =
pi
2
and for different J , J = 0 (blue), J = 2
(orange), J = 5 (green), (c) for b = 0 in different θ, θ =
pi
8
(blue), θ =
pi
4
(orange), θ =
pi
2
(green),
(d) for b = 0.5 in different θ, θ =
pi
8
(blue), θ =
pi
4
(orange), θ =
pi
2
(green).
In Fig.4(c), Fig.4(d) and Fig.4(e), by comparing the green lines (with similar l) we can
see that by increasing the J in fixed b = 0.5, how the shape of potential changes and how
the distance between maximum and minimum of potential decreases and the saddle point
disappears. In addition, Fig.4(e) displays that for the large values of J , J = 5 as a sample
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(a) (b)
FIG. 6: (a) Effective Force Fθ versus θ in l = 4, J = 2 and b = 0.5 for ρ = 1.5 (blue), ρ = 2.5
(orange), ρ = 3.5 (green), (b) Effective Force versus ρ in l = 4, J = 2 and b = 0.5 for θ =
pi
4
(blue),
θ =
pi
6
(orange), θ =
pi
8
(green).
case, even with a different l, there is not any stable circular orbits. But, as it is shown in
Fig.4(f), for the proper amount of J and l in b 6= 0, the potential of black string has ISCO
(inflection point in potential).
5. EFFECTIVE FORCE
One could compute the effective force related to the effective potential by:
~Feff = −~∇Ueff , (39)
So:
Fρ =
l2(2ρ− 3)
ρ4 sin2 θ
+
2bl
ρ2
− 1 + J
2
ρ2
− b2(2ρ− 1) sin2 θ, (40)
and
Fθ = −(ρ− 1)b2 sin(2θ) + 2l
2 cot θ
ρ4 sin2 θ
(ρ− 1). (41)
In these results, the new constant of motion only appears in Fρ and has no effects on Fθ.
Also, the new constant of motion J does not couple with the magnetic field. Eq.(40) shows
that for fixed positive b and l in ρ > 1.5 the first and second sentences of Fρ are repulsive
and the last two are attractive. So, the new constant of motion has attractive effect in all
distances. For 0.5 6 ρ 6 1.5 the first sentences is repulsive. The effect of combination of
these components is shown in Fig.5(b). In addition, Fig.5(d) displays that in θ =
π
2
the
attractive components of force are dominant in all distances, but for smaller θ the repulsive
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components are dominant in some distances. Fig.5(a) and Fig.5(c) illustrate how absence
of magnetic terms impact on Fρ.
On the other hand, the polar component of effective force has different features as below.
Firstly, as mentioned before, this component is independent of J . Secondly, since b supposed
to be small and it appears in second order, the impact of magnetic field on this component
is really small and negligible. As it is obvious from Eq.(41) and Fig.6(a), for ρ > 1 and
0 6 θ 6
π
2
, Fθ is always repulsive (as mentioned before the first term in Eq.(41) is not large
enough to affect), and in lower hemisphere (
π
2
6 θ 6 π) it is always attractive. The relation
between Fθ and ρ is interesting. There is always a distance between 1 6 ρ 6 1.5 in which
the Fθ has its maximum, while decreasing the θ increases the amount of this maximum. By
the way, the suitable situation for investigation of the particle motion is in the equatorial
plane (θ = pi
2
) which this component of force is zero.
6. ESCAPE VELOCITY
To find the escape velocity of a particle which is moving in ISCO, we use the assumptions
that have been considered in [11] and [20], which are related to the collision between the
particle in the ISCO and a particle that comes from infinity:
1. The initial radial velocity of the particle does not change (ρ˙0 = ´˙ρ = 0).
2. The azimuthal angular momentum does not changed either,
Lz = Lz0 = l, (42)
and the total angular momentum is [20]:
L2 ≡ ρ4θ˙2 + L
2
z
sin2 θ
= ρ2V 2
⊥
+
L2z
sin2 θ
. (43)
For simplification, we also consider additional assumption:
3. The new constant of motion, the angular momentum in fifth direction, is constant
either.
By using the first condition and putting the others in that, and by considering v⊥ ≡ −ρθ˙
[20], we can find the escape velocities of neutral and charged particles.
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6.1. Neutral Particles
Hence, for neutral particle in equatorial plane (θ = pi
2
) and by considering b = 0 in
Eq. (22) and Eq. (23) we find:
ε2new = ε
2
0 + (1−
1
ρ0
)v2
⊥
, (44)
in which:
ε20 = (
dρ0
dσ
)2 + Ueff , (45)
Ueff(ρ0) = (1−
1
ρ0
)[
l2
ρ20
+ 1 + J2], (46)
so:
v⊥ = [
ε2new
(1− 1
ρ0
)
− ( l
2
ρ20
+ 1 + J2)]
1
2 , (47)
By considering the escape condition that the particle’s energy after collision should be larger
than the effective potential at infinity:
vesc >
ε2new
(1− 1
ρ0
)
− ( l
2
ρ20
+ 1 + J2)]
1
2 , (48)
in which:
ε2new > 1 + J
2, (49)
which in the case of (w = 0 → J = 0), it is similar to the results of [11] and [15] for
Schwarzschild black hole.
In the asymptotic limit, where (ρ→∞), ε2new → 1 + J2 [15] obtains:
vesc = [
1 + J2
(1− 1
ρ0
)
− ( l
2
ρ20
+ 1 + J2)]
1
2 . (50)
In some studies [15], [18], [20] the escape velocity for neutral particle in four dimensions
has been calculated. Fig.7 shows the relation between the escape velocity and the dimen-
sionless distance from the black string, it also shows the relevant potential for each case.
Fig.7(b) illustrates that for small amount of l and proper amount of εnew, the escape velocity
decreases by distance which comes from the result of ρ0 → ∞ in Eq. (48); Also, as it has
been shown in Fig.7(d) and Fig.7(f), for large enough amounts of l and the proper amount
of εnew, there exists a suitable J (completely dependent to εnew by ε
2
new ≈ 1 + J2.) that
15
(a) (b)
(c) (d)
(e) (f)
FIG. 7: Effective potential and Escape velocity versus ρ for neutral particle for (a) and (b) l = 2,
εnew = 1.77 in J = 0 (blue), J = 0.5 (orange), J = 1 (green), J = 1.58 (red), (c) and (d) l = 4,
εnew = 1.88 in J = 0 (blue), J = 0.5 (orange), J = 1 (green), J = 1.58 (red), (e) and (f) l = 6,
εnew = 2.77 in J = 0 (blue), J = 1 (orange), J = 2 (green), J = 2.56 (red).
vanishes the escape velocity in some distance which means there is a balance between at-
tractive and repulsive forces. Also, as it has been shown in Fig.7(d) and Fig.7(f), increasing
the amount of l causes this special amount of J increases and also makes this distance to be
closer to the singularity of the black string. Also, it is obvious from Eq. (48) that in J = 0
(Schwarzschild black hole) such point does not exist in finite distances, as it has been shown
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in Fig.7(d) and Fig.7(f).
6.2. Charged Particles
In the case of charged particle,The situation is much more complicated. In general by
using all assumptions and by considering Eq. (22) and Eq. (23), (for a particle which moves
in θ0 =
pi
2
plane before the collision) the result is:
v2
⊥
=
ε2new
(1− 1
ρ0
)
− 1− J2 + 2bl − l
2
ρ20 sin
2 θ
− b2ρ20 sin2 θ, (51)
in which ρ0 is the distance from black string and according to first assumption it does not
change, and the plate of particles tilts to θ after collision. So, one can see that the result
for charged particle in black string is different from black hole only in existence of J2 in
Eq. (51). Fig.8 illustrates the impact of J on v⊥. At the very first moment after collision θ
is
π
2
, so v⊥ of charged particle obtains from:
v⊥ =
√
ε2new
(1− 1
ρ0
)
− 1− J2 + 2bl − l
2
ρ20
− b2ρ20, (52)
which for J = 0, is in accordance with [23].
(a)
FIG. 8: v⊥ versus θ for charged particle in l = 4, b = 0.5, ρ = 3: (a) J = 0 for εnew = 6 (blue),
εnew = 10 (green) (b) J = 2 for εnew = 6 (orange), εnew = 10 (red).
7. CONCLUSION
We studied some dynamical properties of neutral and charged particles around a simple
and weakly magnetized black string and studied the attributes of escape velocity of a black
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string. The results are:
i. Adding an extra dimension has a slight influence on the effective potential, but the
magnitude of the new constant of motion (J) affects on the shape of the potential and
thereby the chance of existence of the stable circular orbits.
ii. In calculation of ISCO’s parameters, up to the second order of perturbation, due to
the presence of a magnetic field, the radius of ISCO is independent of magnetic field and J ,
also the solution resembles to Schwarzschild black hole. But, lISCO and EISCO are related
to J even before the perturbation.
iii. We also calculated the components of effective force in black string. The new constant
of motion related to new dimension, adds a pure attractive term in Fρ. But it does not any
effects on the other component of effective force.
iv. Finally, we calculated the escape velocity of neutral particle and v⊥ for charged
particle in a black string and saw how the magnitude of J would vanish the escape velocity
in some ρ for neutral particle. It does not happen in Schwarzschild black hole(J = 0).
Overall, by comparing a black hole to a black string, we could see that the general form
of the effective potential and equations of motion are almost similar, however, in some
properties related to the escape velocity of a particle, the magnitude of new constant of
motion causes some differences and even shows the presence of a new terms in effective
force.
Since the influences of extra dimension can play an important role in justification of the
stars’ rotation curve around the center of galaxies [24], investigation to find the impact of
magnetic field and the additional dimension on a model of spiral galaxy (in which the flat
rotation curve appears,) is in preparation [25].
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